We discuss proofs of some new special cases of Serre's conjecture on odd, degree 2 representations of G ‫ޑ‬ .
Part 1 of this theorem is a slight generalization of an old result of Hermite (8) 
We will now sketch the proof of part 2 of Theorem 4 (see ref. Then Y is still a cubic surface because the action of A 5 extends to one on the ambient ‫ސ‬ 3 which itself lifts to a homomorphism A 5 3 GL 4 . Y also contains 6 disjoint lines collectively defined over ‫(ޑ‬ ͌ 5) and blowing them down we obtain ‫ސ‬ 2 ‫(ޑ͞‬ ͌ 5) (again because the action of A 5 lifts to a representation A 5 3 GL 3 ). If X denotes the restriction of scalars from ‫(ޑ‬ ͌ 5) to ‫ޑ‬ of Y then we deduce that X ‫ޑ͞‬ is a rational 4-fold. There is also a dominant rational map : X 3 Y which on geometric points sends a pair (y 1 , y 2 ) to the third point of intersection of the line y 1 y 2 with Y . We deduce that Y 0 contains many rational points. Unfortunately, a rational point y ʦ Y 0 does not necessarily give rise to a ͌ 5 abelian surface A which is defined over ‫.ޑ‬ However if it does then Х A,2 . Over Y 0 there is no universal abelian surface. However there is a canonical ‫ސ‬ 1 -bundle C͞Y 0 (for the Zariski topology) and six sections s 1 , . . . , s 6 , such that if y ʦ Y 0 ‫ޑ(‬ ) then the ͌ 5 abelian surface parametrized by y is the Jacobian of the double cover of C y ramified exactly at s 1 (y), . . . , s 6 (y). The action of A 5 extends to C, where it permutes s 1 , . . . , s 6 transitively, so that we get a ‫ސ‬ 1 -bundle C ͞Y 0 (now for the étale topology). A point of Y 0 ‫)ޑ(‬ gives rise to a ͌ 5 abelian surface if and only if it is in the image of C ‫.)ޑ(‬ Although C ͞Y 0 is not split, one can show that its pull back to X is split. Thus points in (X ‫))ޑ(‬ do correspond to ͌ 5 abelian surfaces defined over ‫.ޑ‬ This is sufficient to prove part 2 of Theorem 4. [To show that the pull back of C to X splits we first show that it extends outside codimension two and hence is equivalent to a constant bundle (as X is rational). Then we find one rational point on it above the boundary of X .]
